Abstract. Let f : X → Y be a pointed map between connected CWcomplexes. As a generalization of the evaluation subgroup G * (Y, X; f ), we will define the relaxed evaluation subgroup G * (Y, X; f ) in the homotopy group π * (Y ) of Y , which is identified with Imπ * (ẽv) for the evaluation map ev : map(X, Y ; f ) × X → Y given byẽv(h, x) = h(x). Especially we see by using Sullivan model in rational homotopy theory for the rationalized map f Q that G * (Y Q , X Q ; f Q ) = π * (Y ) ⊗ Q if the map f induces an injection of rational homotopy groups. Also we compare it with more relaxed subgroups by several rationalized examples.
Introduction
Let f : X → Y and g : B → Y be pointed maps of connected CW complexes. Recall the definition of pairing with axes f and g [O] , which is given by the existence of a map F g,f : B × X → Y in the homotopy commutative diagram:
(1) B × X
where i B (b) = (b, * ) and i X (x) = ( * , x). In particular, when B = Y = X and f = g = id, X is an H-space of the multiplication F id,id . In this paper, we consider whether or not there exist a section s : B → B × X and a map F : B × X → Y such that the diagram
homotopically commutes. Here a section means a map s : B → B × X which satisfies p B • s ≃ id B for the projection p B : B × X → B with p B (b, x) = b.
The nth Gottlieb group G n (X) of a space X is the subgroup of the nth homotopy group π n (X) of X consisting of homotopy classes of maps a : S n → X such that the wedge (a|id X ) : S n ∨ X → X extends to a map F a : S n × X → X [G] . The nth evaluation subgroup G n (Y, X; f ) of a map f : X → Y is the subgroup of π n (Y ) represented by maps a : S n → Y such that (a|f ) : S n ∨ X → Y extends to a map n and x ∈ X. Here map f (X, Y ) is the connected component of f in the mapping space map(X, Y ) from X to Y with the compact open topology and ev is the evaluation map given by ev(h) = h( * ). Then
in π n (Y ) and therefore it is called an 'evaluation' subgroup of a map. Notice that (3) is a special case of the homotopy commutative diagram
n is a trivial fibration with a section s :
Definition A. For a map f : X → Y , the nth relaxed evaluation subgroup of f is given as
The map F in (4) is the adjoint of a mapF ′ in the homotopy commutative diagram
In this paper, we will estimate Imπ n (ẽv) in several cases according to Definition A. We note that it is a naturally generalized object of an ordinary evaluation subgroup. Indeed, for a subcomplex X ′ of X, we can put
Then we have
In the following, we see several properties of a relaxed evaluation subgroup. Lemma 1.1. For a subspace X of a space Y and a map g : B → Y with Im g ⊂ X, there are a section s : B → B × X and a map F : B × X → X such that the diagram
In particular, in the case of B = S n and X = Y m , the m-skelton of Y , we have by cellular approximation theorem
Of course G n (Y, * ; * ) = G n (Y, * ; * ) = π n (Y ) for the constant map * : * → Y and we know G n 
may be zero for a map f : X → Y even if π * (Y ) = 0 (see Example 2.6 and examples in Section 3).
Also as an evaluation subgroup satisfies it, a relaxed evaluation subgroup satisfies
. Therefore the relaxed eveluation subgroups G n (X, Z; j) and G n (Y, X; f ) are embedded into parts of the homotopy exact sequence of a fibration ξ : 
which are both exact. Moreover, for the connecting map∂ : ΩY → Z of ξ,
is exact.
Note that, for a pointed map g :
But it does not hold for relaxed evaluation subgroups in general.
Indeed, there is a liftg :
In particular, in the case of B = S n , we have
Suppose that f Q : X Q → Y Q is a rationalized map with X and Y simply connected CW complexes of finite type [HMR] . We consider the relaxed evaluation subgroup of a map and more relaxed subgroups from a point of view of rational homotopy. By using Sullivan's minimal model arguments, we show
From Proposition 1.5 and Theorem 1.6, we have Corollary 1.7. If the homotopy fiber of a map f : X → Y has the rational homotopy type of the Eilenberg-MacLane space K(Q, n) for some n, then
In Section 2, we prove Theorem 1.6 after preparing of the notion of derivations of model. In Section 3, we will define more relaxed subgroups of the homotopy group of Y , the tncz subgroup T * (Y, X; f ) and the sectional subgroup S * (Y, X; f ), for a map f : X → Y . They are defined by relaxing the trivial fibration η in (4). We compare G * (Y, X; f ) with them by several rationalized examples.
Sullivan models
We use the Sullivan minimal model M (Y ) of a simply connected CW complex Y of finite type. It is a free Q-commutative differential graded algebra (DGA) (ΛW, d Y ) with a Q-graded vector space W = i≥2 W i where dim W i < ∞ and a decomposable differential. Here Λ + W is the ideal of ΛW generated by elements of positive degree. Denote the degree of a homogeneous element x of a graded algebra as |x|. Then xy = (−1) |x||y| yx and d(xy) = d(x)y + (−1) |x| xd(y). Recall M (Y ) determines the rational homotopy type of Y . Especially there is an isomorphism
Then the model of a map f : X→Y is given by a KS-extension
with D| ΛW = d Y and the minimal model (ΛV, D) of the homotopy fiber of f or
when Y is formal (for example, when Y is a sphere) [FHT] . In general, D is not decomposable and it is decomposable if and only if
See [FHT] for a general introduction and the standard notations.
For a DGA-map φ : A → B, define a φ-derivation of degree n to be a linear map θ : A * → B * −n with θ(xy) = θ(x)φ(y) + (−1) n|x| φ(x)θ(y) and Der(A, B; φ) the vector space of φ-derivations. The boundary operator δ φ :
Note that z * ∈ Hom(Z, Q) (z * is the dual of the basis element z) is in G n (A, B; φ) if and only if z * extends to a derivation θ ∈ Der(A, B; φ) with δ φ (θ) = 0.
′ ), the symbol (v, h) ∈ Der(ΛV, ΛZ; φ) means the φ-derivation sending an element v ∈ V to h ∈ ΛZ and the other to zero. Especially (v, 1) = v * .
Example 2.2. Consider the fibration
for i = 1, 2 and W = Q(w 1 , w 2 , w 3 , w 4 ). Note that f Q has no section ( [T] ).
Proof of Theorem 1.6. Fix an element a ∈ π n (Y ) ⊗ Q. From the assumption, there is a DGA-projection
Here Λx/x 2 = Λx if n is odd and Λx/x 2 = Q[x]/(x 2 ) if n is even. We will construct a rationally trivial fibration of the form η :
together with a suitable map F : E → Y Q , in model terms. Define a graded Q-algebra map F ′ : ΛW → Λx/x 2 ⊗ ΛV by
where σ ∈ Der n (ΛW, ΛV ; p W,V ) with (−1)
where σ ∈ Der n (ΛV ) is uniquely given by σ(w) = σ(w) for w ∈ ΛW and (θ·x)(z) :
for w ∈ ΛW . Thus we have the KS-model of η
and a map
the fibration η has a section s ([T]). Moreover the definition of D
′ indicates the rational triviality of η:
over (Λx/x 2 , 0) since then the homotopy class of the classifying map [S] . We can choose the model of s by M (s)(x) = x and M (s)(z) = 0 for z ∈ ΛV , then
It is the rational model of (4).
Proof of Corollary 1.7. Put the model of homotopy fiber (Λv, 0). When Dv is decomposable, we have from Proposition 1.5. Also when Dv is not decomposable, there is a surjection
Then we have from Theorem 1.6.
Remark 1. In the proof of above, the fibration η :
where g is a homotopy equivalence. The model M (g) is given by id − σ · x, which is a quasi-isomorphism. But the map g does not induce the homotopy commutative diagram with a section s of p
For example, see Example 2.2 or Example 2.5, respectively.
In the followings, we consider some examples, whose models are given by M (s)(x) = x and M (s)(z) = 0 for z ∈ M (X) as in the proof of Theorem 1.6. The index of an element means the degree.
given by the following commutative diagrams with |x| = n. LS2] . Indeed, the KS-extension is given by
Also for the product fibration
Example 2.5. Suppose that the model of a map f : X → Y is given by the projection
By degree arguments, any fibration η :
for some non-zero c ∈ Q associated to a. Then w
It is a contradiction.
The other subgroups
Futher we will relax Definition A. For pointed maps f : X → Y and g : B → Y , consider whether or not there exists the homotopy commutative diagram
Definition B. For a map f : X → Y , the nth tncz subgroup of f is given as
a section s and a map F :
Definition C. For a map f : X → Y , the nth sectional subgroup of f is given as
Remark 2. Note that S n (Y, X; f ) is a group. For a, b ∈ S n (Y, X; f ), there is a homotopy commutative diagram
where q is the pinching comultiplication and the dotted arrow G is given by the universality of push-out from F a,f : E a → Y and
. Also i a+b : X → E a+b is given by the universality of pull-back from i : X → E a ∪ X E b and * : X → S n . Thus we have a homotopy commutative diagram
We have the sequence of inclusions of groups:
We consider them under some conditions on X Q for a map f : X → Y . For the KS-extension of the fibration η :
Thus a ∈ T 4 (S → X the fibration of free loops, in which ΩX is the loop space and LX = map(S 1 , X) is the free loop space of a simply connected space X. It has the section s : X → LX with s(z) the constant loop at a point z in X. Consider the case that X = S 2 . Then S 2 (LS 2 , ΩS 2 ; i) ∋ s since we can choose F = id LS 2 as
Thus we have S 2 (LS 2 , ΩS 2 ; i) = 0. Especially, we see S 2 (LS 
